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Abstract 

A relationship between Painleve systems and infinite-dimensional 
integrable hierarchies is studied. We derive a class of higher order 
Painleve systems from Drinfeld-Sokolov (DS) hierarchies of type A by 
similarity reductions. This result allows us to understand some prop- 
erties of Painleve systems, Hamiltonian representations, affine Weyl 
group symmetries and Lax forms. 
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1 Introduction 

The connection between the second Painleve equation and the KdV equation 
was clarified by Ablowitz and Segur [3. Since their result, a relationship 
between (higher order) Painleve systems and infinite-dimensional integrable 
hierarchies has been studied. In a recent work [7], a class of fourth order 
Painleve systems was derived from the DS hierarchies of type A by similarity 
reductions. In this article, we give its development, namely, we derive a class 
of higher order Painleve systems. 

The DS hierarchies are extensions of the KdV hierarchy for the affine 
Lie algebras O |8]. They are characterized by the Heisenberg subalgebras 
of the affine Lie algebras. And the isomorphism classes of the Heisenberg 
subalgebras are in one-to-one correspondence with the conjugacy classes of 
the finite Weyl group [H]. Thus we can classify the DS hierarchies of type 
An^ in terms of the partitions of the natural number n + 1. By means of 
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this viewpoint, we list the known connections between Painleve systems and 
integrable hierarchies of type A in Table 1 and 2. 



Table 1. Painleve equations and DS hierarchy 



Partition 


(2) 


(1,1) 


(3) 


(2,1) 


(1,1,1) 


(4) 


(2,2) 


Painleve eq. 


Pu 




PlY 


Py 


Pyi 


Pv 


Pvi 


Ref. 


m 


m 


m 


m 


m 


m 


[7] 



Table 2. Higher order Painleve systems and DS hierarchy 



Partition 


(3,1) 


(4,1) 


(2,2,1) 


(3,3) 


{n + 1) for n > 4 


Painleve sys. 




PiA) 


P{Al) 


P{Al) 


P(A„) 


Order of sys. 


4 


4 


4 


4 


n for n:even 
n — 1 for n:odd 


Ref. 


in 


[7] 


m 


m 


mm 



Here the symbol P{An) stands for the higher order Painleve system of type 
An^ [15], or equivalently, the (n + l)-periodic Darboux chain [1]. The symbol 
P{A^ stands for the fourth order Painleve system with the coupled sixth 
Painleve Hamiltonian [7]; we describe its explicit formula below. 

In this article, we consider a higher order generalization of the above 
facts. The obtained results are listed in Table 3. 

Table 3. The result obtained in this article 



Partition 


(2n-l,l) 


(2n, 1) 


{n,n, 1) 


(n + l,n + 1) 


Painleve sys. 


P{A2n) 


P{A2n+l) 


P{^2n+l) 


(^2n+l) 


Order of sys. 


2n 


2n 


2n 


2n 


Ref. 


SecH 


SecE 


Secja 


Seem 



The Painleve system P{A2n+i) is a Hamiltonian system 

dqi dH dpi dH \ ) 

dt dpi ' dt dqi ' ' ' 

with a coupled Painleve VI Hamiltonian 

n 



n i—ln 

^a2j+i -a2i-i - ^, Q2j, o^2j, a2i-iV] qi,Pi 

«=1 Lj=0 j=0 j=i 

+ (?i - l)(?j - 't){iQiPi + Oi2i-l)Pj + PiiVjqj + Ol2j-l)} 

l<i<j<ra 



where 



ifviK, i^u K-t, = g(g - i)(g - 1)?"^ - /«o(g - i)(9 - t)p 

- Kiq{q - t)p - {nt - l)q{q - l)p + i^q- 



Here the parameters ao, . . . , a2n+i satisfy the relation ^^"q ctj = 1. This 
system admits the affine Weyl group symmetry of type ^2^+1 has a Lax 
form associated with the loop algebra 5l2n+2[z, z"^]; we discuss their details 
in Section [3l Note that P{A^) is equivalent to the sixth Painleve equation. 

Remark 1.1. The regular conjugacy classes of W{An) correspond to the 
partitions {p, . . . ,p) and {p, . . . ,p,l); cf. [HE]. Therefore any hierarchy in 
Table 1, 2 and 3 is associated with the regular conjugacy class ofW{An)- 

Remark 1.2. The DS hierarchy for the partition (n + 1, n + 1) is equivalent 
to the {n + l,n + l)-periodic reduction of the two- component KP hierarchy^ 

cf ^m- 

Remark 1.3. The higher order Painleve system of type -D2n+2 "^^^ proposed 
by Sasano [IB]. It is expressed as a Hamiltonian system of 2n-th order with 
a coupled sixth Painleve Hamiltonian, as well as P{A2n^i). The relationship 
between those two systems is not clarified. 

Remark 1.4. Recently, the system P{A2n_^_^) is derived independently by 
Tsuda [19] via a similarity reduction of the UC hierarchy. According to it, 
-P(^2n+i) given as the monodromy preserving deformation of a Fuchsian 
differential equation with a spectral type 

(n,l). 

Furthermore, ^(^5) appears in the classification of the fourth order isomon- 
odromy equations [17\. 

This article is organized as follows. In Section [2|, we first recall the affine 
Lie algebra of type An"^ . We next formulate the DS hierarchies of type An^ 
and their similarity reductions. In Section [31 we derive the Painleve system 
-P(^2n+i) froni the hierarchy for the partition (n + 1, n + 1). We also discuss 
a group of symmetries and a Lax form for P(A2„_,_i). In Section HI [5] and [6], 
we derive P{A2n), -P(^2n+i) and P(A2„_,_i) from the hierarchy for a partition 
(2n — 1, 1), (2n, 1) and (n, n, 1), respectively. 

2 DS hierarchy 

In this section, we first recall the affine Lie algebra of type An \ following 
the notation in [^lE]. We next formulate the DS hierarchies of type An^ and 
their similarity reductions. The Lax forms of the similarity reductions are 
also proposed in a framework of the loop algebra sl„+i[z, z~^]. 
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2.1 AfRne Lie algebra 

The affine Lie algebra q = g{An ^) is a Kac- Moody Lie algebra whose gener- 
alized Cartan matrix A — [aij]"j^o defined by 

0^ = 2 (i = 0, 

— On,0 — — (^0,n — ~^ {i — 0, . . . , U — 1) , 

ttij — (otherwise). 

It is generated by the Chevalley generators Ci, fi,a^ {i = 0, . . . , n) and the 
scaling element d with the fundamental relations 

[rf, a^] = 0, [rf, Ci] = SifiCo, [d, fi] = -5i,o/o, 
(ade,)^-"-(e,) = 0, (ad/,)^""-' (/,•) = (zt^j), 

for i, J = 0, . . . , n. The canonical central element of Q is given by 

V I V I I V 

A = Q!q + + . . . + 

The normalized invariant form is given by the conditions 

{a^\a^) = aij, {ei\fj) = 6ij, «|e,-) = {a^\fj) = 0, 
{d\d) = 0, = 5o,,, (rf|e,) = = 0, 

for i,j — 0,...,n. We set 

= adejadej_|_i . . . adei_|_j_i(ei_|_j), fij = ad/j_|_jad/j_|_j_i . . . ad/j_|_i(/j), 

where Ci+n+i = and /i+n+i = /i. 

The Cartan subalgebra of g is defined by 

= Ca^ e Ca;' ® • • • © Ca^ © Cd. 

Let n+ and n_ be the subalgebras of q generated by and fi (i = 0, . . . , n), 
respectively. Then the Borel subalgebra b+ of is given by b+ = I) © n+. 
Note that we have the triangular decomposition 

= tt_ © f) © n+ = n_ © b+. 

The isomorphism classes of the Heisenberg subalgebras of Q are in one- 
to-one correspondence with partitions of the natural number n + 1. Let 
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n = [rii, . . . , rifc) be a partition of n + 1. Then the corresponding Heisenberg 
subalgebra is defined by 

5n = Vn,-1 © ... © Vn,-l © Hk-l © CK , 

where Vn © CK and Tin © CK are isomorphic to the principal and homoge- 
neous Heisenberg subalgebra of Q{An^), respectively [4J. 

The partition n determines a grading operator 'dn & i), whose explicit 
formula is not given here (see Section 3 of [7j). The operator -d^ defines a 
Z-gradation of type s by 

= ®0fc(s), dk{s) = {x e Q \ x] = kx} , 

where s = (sq, . . . , s„) is a vector of non-negative integers given by 

ii^n\a^) = Si (i = 0, ...,n). 

Note that 

[i^n, et] = SiCi, [On, fi] = -Sifi {i = 0,...,n). 
The Heisenberg subalgebra Sn admits the gradation defined by t^n- 

2.2 DS hierarchy and similarity reduction 

The positive part of the Heisenberg subalgebra Sn has a graded basis {Afcjfcgpj 
satisfying 

[Ak,Ai]=0, [^n,Ad=4Afe ik,leN), 

where dk is a positive integer. We assume that dk < dk+i for any k E N. In 
this subsection, we formulate the DS hierarchy associated with Sn by using 
those Afc. 

Introducing time variables tk {k E N), we consider the Sato equation for 
n_-valued function W = W{ti, ^2, . . .) 

dk - = exp{^dW){dk - Ak) (keN), (2.1) 

where dk = d/dtk and B^. stands for the 6+-component of exp(adl^)(Afc). 
The compatibility condition of (12. ip gives the DS hierarchy 

[dk-Bk,di-Bi] = (kJeN). (2.2) 
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We now require a similarity condition 

oo / oo \ 

dktkdk = exp(adiy) l^n-p~^ dktkdk j , (2.3) 

k=l \ k=l / 

with an element p G P) satisfying 

[dk,p] = 0, [Afc,p] = (keN). 
Then the compatibility condition of (12. ip and (12.31) gives 

[^n-M,dk-Bk] = (keN), (2.4) 

where 

oo 

M = p + J2dktkBk- 

k=l 

We call the system fl2.2p and f|2.4p a similarity reduction of the DS hierarchy. 
Note that M is the b+-component of exp(adH^)(p + Yl^=i dktkdk)- 

In the following section, we always assume that ^2 = 1 and tfc = for any 
/c > 3. Under this specialization, the similarity reduction is described as a 
system of ordinary differential equations 

[K - M, 9i - fii] = 0, M = p + ditiBi + ^2^2, (2.5) 

from which the Painleve system is derived. 



2.3 Lax form 

The affine Lie algebra g can be identified with the loop algebra st„+i[z, z~^] 
under the specialization K = {]. In this subsection, we propose a Lax form 
of the similarity reduction in a framework of s[„+i[z, z~^]. 

Let Eij be a (n + 1) x (n + 1) matrix with 1 on the (i, j)-th entry and zeros 
elsewhere. For each partition n, we define the graded Chevalley generators 
of s[„+i[2;, by 

Co = Z^'^En+l^li fo = Z ag = En+l,n+l — -£-1,1, 

Ci = z'^'Ei^i+i, fi = z~''Ei+i^i, a{ = Ei^i - (i = 1, . . . , n), 

and the grading operator by i)n = zd/dz. Recall that "^n implies the Z- 
gradation of type s = (sq, . . . , s„). The Lie bracket is given by 

[z^X, z^Y] = z''+\XY - YX) {k, leZ;X,Y e sln+i). 
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In a framework of st^+if^;, z the Sato equation (12.11) and the similarity 
condition f l2.3p are described as 

d 

— exp = exp - exp l^Afc (A; G N), 
exp W = M exp W - exp + ^ d^tkAk 

Under them, we consider a wave function 



k=l 



= exp ly^:^ exp j ^ t^Afc 



Then we obtain a system of hnear differential equations 

— = 5fc^ (keN), z— = M^. (2.6) 

The system (12. 6 p is the Lax form of the similarity reduction (12. 2 p and (12. 4p . 
In fact, the compatibility condition of (12. 6p gives 

dBk dBi ,^ dM dBk ,^ , 

3 For the partition (n + 1, n + 1) 

In this section, we derive the Painleve system P{A2n+i) from the similarity 
reduction (12. 5 p for the partition {n + l,n + 1). We also discuss a group of 
symmetries and a Lax form for P{A2n_^i). Indices of the Chevalley generators 
and variables are congruent modulo 2ri + 2 in this section. 

3.1 Similarity reduction of the DS hierarchy 

At first, we give an explicit formula of the Heisenberg subalgebra 5(^n+i,n+i) 
of = 0(A^'„Vi) following [31 [71 US] . Let 

n n 

A2fc-1 = e2i+l,2fc-l, A2fc = e2j+2,2fc-l, 

i=0 i=0 
n n 

Mk = 5^/2 i+2, 



2fc-l, 

1=0 i=0 
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for k E N. Then S(.„+i^„_|_i) is expressed as 

i6N\(2n+2)N «eN\(2n+2)N 

The grading operator 'd(^n+i,n+i) is given by 



(2i + l)n - 2i 



2 



V 

2 " 

i=0 i=0 



It imphes a Z-gradation of type (1, 0, . . . , 1, 0), namely 

{^(n+l,n+l)\a2i) = 1, (^(n+l,n+l)|a2i+l) = 0, 

for i = 0, . . . ,n. Note that 

['i9(„+l,„+l), A2fe-l] = kA2k~l, [^9(n+l,n+l), A2fe] = fcA2fe (fc G M). 

The similarity reduction f l2.5p associated with 5(^n.+i,n+i) is described as 

[^(n+l,n+l)-M,9i-fii]=0, (3.1) 

where 

2n+l 2?i+l 2n+l 2n+l 

Bi = ^ + ^ XjCi + Ai, M = ^ Kja,^ + ^ v^jCi + tiAi + A2. 

1=0 1=0 i=0 i=0 

Note that 

n n 

Ai = ^^624+1,1, A2 = 62^+2, 1- 

i=0 i=0 

In terms of those variables, the system (13. ip is expressed as 

di{Ki) = 0, di{Lpi) = {u\a^)Lpi + Xi{K\a^), (3.2) 
for i = 0, . . . , 2n + 1 and 

{u\a2i + a2j+l) - X2i+lip2i + X2i(p2i+1 = 0, 

^l(w|«2i+l + «2i+2) - a;2i+2¥'2i+l + X2i+lip2i+2 + («;|a2i+l + "2i+2) = 1> (3-3) 
^l3;2i ~ 2;2j+2 ~ V^2i = 0, X2i+1 — tiX2i+3 + '^2i+'i = 0, 

for i = 0, . . . , n, where 

2n+l 2n+l 

M = ^ MjOo K = t?(n+l,n+l) - ^ l^iot- 
i=0 i=0 

In the next subsection, we express the system (13. 2p with (13.31) as a Hamilto- 
nian system. 
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3.2 Hamiltonian system 

The operators Bi and M are defined as the b+'Components of exp(adiy)(Ai) 
and exp(adVr)(p + tiAi + A2), respectively. The ()-valued operator p is given 

by 

n 
i=0 

where pi is independent of ti. By using this fact, we derive a Hamiltonian 
system. 
Let 

2n+l 00 2n+l 

i=0 k=l i=0 

Then we obtain 

1 1 

X2i = —W2i-1, X2i+1 = W2i+2-i 

and 

h 1 

— W2i-lW2i + tiW2i-l,l + - 



fi;2i = -—W2i-lW2i + )f:iW2i-l,l + -W2iW2i+l + W2i,l, 



1 J , ^1 , + , (3.5) 

l^2i+l = -^W2iW2i+l + W2i,l + — W2i+lW2i+2 + tiW2i+l,l + Pi, ^ ^ 

(P2i = -tiW2i-l + W2i+l, ip2i+l = -W2i + tiW2i+2, 

for i = 0, . . . , n. The equations (13. 4p and (13. 5p imply 

Lemma 3.1. The bj^ -valued functions Bi and M can he expressed in terms 
of the dependent variables W2i+i, ^2i+i = 0, . . . , n) as 

U2i - U2i+l = - ^ -W2i+lip2i+2j+l + — (Pl + 't2i " l^2i+l), 

j=0 ^ 

M2i+1 — U2i+2 = ^ W2i+1^2i+2j+'i, 
L-i 1. 
j=0 1 

X2i = — U'2i_i, X2i+l = ^ T^I+r 7V^2i+2j+3) 

V^2i = -tiW2i^l + W2i+1, 

for i = 1, . . . ,n + 1. Furthermore, those variables satisfy 

n n 
y^^W2i+l'^2i+l = - X](Pl + l^2i - /«2i+l)- 

2=0 1=0 
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Thanks to Lemma 13.11 we can express the system (13. 2p with (13.31) as a 
system of ordinary differential equations in terms of the variables W2j+i, V^2i+i 
(i = 0, . . . , n). Note that those variables are taken from the 0o(l, 0, . . . , 1, 0)- 
components of W and M. We also remark that 



Following [TB], we define the Kostant-Kirillov structure for the operator 
M by 

{<^2i,'^2i+i} = -{n + 1), {ip2i+i,<^2i+2} = -{n + l)ti (i = 0,...,n). 
Then we arrive to 

Theorem 3.2. In terms of the variables W2i+i, ^P2i+i {i = 0, . . . ,n) with the 
Poisson structure 

W2i+uW2j+i} = {n + l)5ij {i,j = 0, . . . ,n), 

the similarity reduction (13.11) is expressed as the Hamiltonian system 

di{w2i+i) = {H,W2i+i}, di{if2i+i) = {H,if2i+i} (i = 0,...,n), (3.6) 

with the Hamiltonian 




n 



n 





n 



n 



n 



n 



EE 



.n+1 



1) 



{w2i+l^P2i+l + (/«|tt; 



V 

2i+l 



)}'W2i+l(p2i+2j+3y 



1=0 j=0 



(3.7) 



and the relation 



n 



n 




(3.8) 



i=0 



i=0 
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The system fl3.6p with (13.71) and fl3.8l) can be rewritten into the Hamil- 
tonian system in terms of the canonical coordinates. The equation (13. 8p 
imphes 



n— 1 n— 1 



dip2i+l A dW2i+l = dip2i+l A dW2i+l - ^^!±LJ!±i /\ dW2n+l 

^ ^ ^ W2n^\ 



i=0 1=0 i=0 

n-1 



W2i+\ 



d{w2n+\^2i+\) A (i 



Therefore we can take 



^"-^ = n^f^H!^±i^ (. = l,...,n), (3.9) 



as canonical coordinates of a 2n-dimensional system with a Poisson structure 

te,9i} = ^i,i = l,•••,^)• 

We denote the parameters by 

= (. = 0.....2„+l). ,„.^Pl±^^^:_^a±l. 

n + 1 ^-^ n + 1 

Via a transformation of the independent variable t = ti^'^^^\ we obtain 

Corollary 3.3. The variables qi,Pi {i = 1, . . . ,n) defined by (13. 9p satisfy the 
Painleve system P{A2n+i)- Then the variable W2n+i satisfies 

d " 
t{t - l)—\ogW2n+i = - "^{{qi- - t)pi + a2i-iqi} - a2n+l 

i=l 

nt + n + 2 n — 2i 

We remark that the parameter rj satisfies 

{V^Qi} = {V,Pi} = ii=^,---,n), {v,W2n+l} = W2n+1- 

Thus the Poisson algebra generated by W2i+i, ^P2i+i (i = 0, . . . , n) is equivalent 
to one generated by qi,Pi (i = 1, . . . , n), W2n+i and rj. 
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3.3 AfRne Weyl group symmetry 

The Painleve system P{A2n+i) admits the affine Weyl group symmetry of 
type A2ri+i- this section, we describe its action on the dependent variables 
and parameters. 

Recall that the affine Weyl group of type A2ri+i is generated by the trans- 
formations Ti (i = 0, . . . , 2n + 1) with the fundamental relations 

rf = l {z = 0,...,2n + l), 
{nrjf-^''^ =0 = 0,...,2n + l;iy^j). 

where 

ai,i = 2 (z = 0,...,2n + l), 

= O2ji+1,0 = = O,0,2n+1 = " 1 {i = 0, ■ ■ ■ , 2n) , 

ttij = (otherwise). 

Under the Sato equation fl2.ip and (12.31) . we consider gauge transforma- 
tions 

ri(exp W) = exp(7i/i) expW (i = 0, . . . , 2n + 1). 
They imply the transformations for the similarity reduction (13. ip 

ri{'d^n+i,n+i) - M)= exp(ad7i/i)(i9(„+i,„+i) - M) (z = 0, . . . , 2n + 1). 

We look for the gauge parameters 70, ... , 72n+i such that rj('(9(„+i — M) G 
b+. Then we can show that 

(, = 0,...,2n + l). 

Such transformations give the group of symmetries for the Hamiltonian sys- 
tem. 

Theorem 3.4. The Hamiltonian system (13. 6p with (13. 7p and (13. 8 p is invari- 
ant under the hirational transformations defined by 

r2i{w2j+l) = W2j+1, 

{K\a^i){tiW2i-l - W2i+1, (P2j+l} 
{n + l){tlW2^-l - W2i+l) ' 
if^\a2i+l)W2i+uW2j+l} 



r2i{^2j+l) = ^2j+l + 
r2i+liw2j+l) = W2j+l + / , 

{n + l)v52i+i 

r 2j+l(v52j + l) = '^2j+l, 
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for z, j = 0, . . . , n and 

ri{Kj) = Kj + {K\a^) {i,j=0,...,2n + l). (3-11) 

Furthermore, a group of symmetries (ro, . . . , r2n+i) is isomorphic to the affine 
Weyl group of type A'^^I+i- 

Corollary 3.5. The Painleve system P^A^r^j^i) is invariant under the bira- 
tional canonical transformations tq, . . . , r2n+i defined by 

ro {qj) = qj , ro [pj ) = pj ^ {pj , gi } , 

r2t~i{qj) = qj + ^^^{Pi,qj}, r2^-l{pj) = Pj {i = l,...,n), 

Pi 

riMj) = qj, r2i{pj) = Pj — — {pj,qi - q^+l} {i = 1, . . . ,n - 1), 

qi ~ qi+i 

r2n{qj) = qj, r2n{Pj) = Pj - -^^APj^ 9n}, 



/ N , Oi2n+iqj , N «2n+lPi 

r2n+\{qj) = qj + ^ ■ — , r2n+l{Pj) = Pj 



j=i q^Pj + V 22j=i qjPj + V 

for j = 1, . . . ,n and 



ri[aj) = aj 



aijai, ri{r]) = T] + {-lyai {i, j = 0, . . . ,2n + 1). 



3.4 Lax form 

In the previous subsection, the Painleve system P{A2n+i) has been derived. 
In this subsection, we give its Lax form in a framework of the loop algebra 

Under the specialization ti = = 1 and t^ = (k > 3), the 

Lax form fl2.6l) is described as 

t(t-l)— = B^, z— = M^. 3.12 

^ ' dt dz ^ ' 

The matrix B is given by 

2n+2 n+1 n 

5 = ^ u'iEi^i + ^ x'2i-iE2i-l,2i + x'QzE2n+2,l + X2iZE2i,2i+l 
i=l i=l i=l 

" ^ t — 1 t — 1 
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where 

i—l n 
.7 = 1 3=i 



+ + 2^W^^"^'^^^"^ ^ Q;2i+2j-2)(* - 1), 

i n 

, ^ , + 1 n — 2j 

i=i i=o 



«2i 



'^2n+l 



and 



W2n+1 



, ^ (t - l)w2n+i , ^ (t - l)w2n+l 

" (n + l)tV(n+i) ' ''2i - ^ Qi, 
for i = 1, . . . , n. The matrix M is given by 

2n+2 n+1 n 

M = ^ (fi^i - Ki-i)Ei^i + ^ V52i-l-E^2i-l,2i + ((5o^-E2n+2,l + ^ (/i'2i^-£^2i,2i+l 

i=l i=l 1=1 

n ^ ^ n 

+ X] +l/(n+l) ^-^2i-l,2i+l + ,i/(n+i) ^-£^2n+l,l + ^1 ^-^2i,2i+2 + ^-E2„+2,2, 



^l/(n+l) ^^*-^'^*+^ ' ^l/(n+l)' 
=1 i=l 



where 



in + If 

V2i-i = Pi = 1, . . . , n), 

W2n+l 

y^2i = {qi-qi+i) = 1), (/?2n = —{qn-t). 
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Proposition 3.6. The compatibility condition of the Lax form (I3.12p gives 
the Painleve system P{A*2^j^^). 

Remark 3.7. The group of symmetries defined in Section \3.3\ arises from 
the gauge transformations for the Lax form 

r,{^) = exp(^-^!^f,^^ (^ = 0,...,2n + l). 

4 For the partition (2n — 1,1) 

The Painleve system P{A2n) is a Hamiltonian system of 2?7,-th order with a 
coupled Painleve IV Hamiltonian 



n 



i=l 

where 



«2»y^a2j-i;gi,Pj. 



l<i<j<n 



ifiv[a, b; q, p] = qp{p - q-t) - aq-bp. 

It is known that P{A2n) is derived from the hierarchy for the partition (2n + 
1). In this section, we discuss its derivation from the hierarchy for a partition 
(2n — 1, 1), from which we obtain a new Lax pair for P{A2n)- 

4.1 Similarity reduction of the DS hierarchy 

Let 

2n-l-k 2n-l 

Afc+(2n-l)(/-l) = ej^fc-l+(2n-l)(/-l) + Gi,k+{2n~l){l~l)^ 

i=l i=2n—k 
2n-l-k 2n-l 

Afc+(2n-l)(i-l) = ^ /i,fc-l+(2n-l)(«-l) + ^ fi,k+{2n-l){l-l} , 
i=l i=2n~k 

for k = 1, . . . ,2n — 1 and / G N. Then the Heisenberg subalgebra S(2„_i,i) of 
g = Q{A^2n-i) is expressed as 

5(2n-l,l) = CAfc © C/C © CAfc. 

ken ken 
The grading operator '&(2n~i,i) is given by 

2n-l 



if \\ 
^i2n-i,i) = (2n - + ^ ^ ( 2n - z - - j 



ay. 
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It implies a Z-gradation of type (1, . . . , 1, 0), namely 

(^9(2n-l,l)|aj^) = 1 = 0, . . . ,2n - 2), {l}^2n-l,l)\a2n-l) = 0. 

Note that 

[^(2n-i,i),Afe] = A;Afc (keN). 
The similarity reduction (12.51) associated with 5(2n-i,i) is described as 

[^i2n-i,i)-M,d,-B,] = 0, (4.1) 

where 

2n-l 



5i = ^ Uia^ + xqCq + X2„-ie2„-i + Ai, 

i=0 

2n-l 2n-l 

M = ^ Kia^ + ^ v^jCi + v5o,ieo,i + V52n-2,ie2„-2,i + V52n-i,ie2„-i,i + 2A2. 



i=0 j=0 

Note that 

2n-2 2n-3 



Al = ^ Ci + e2n-l,l, A2 = ^ Cj,! + 62^-2,2 + e2n-l,2- 

4.2 Hamiltonian system 

The operators Bi and M are defined as the b+-components of exp(adTy)(Ai) 
and exp(adl^)(p + tiAi + 2A2), respectively. The f)-valued operator p is given 
by 

2n-l 

where pi is independent of ti. The n_-valued function W is described as 

2n+l 00 2n+l 



i=0 fc=l i=0 



In a similar manner given in Section 13.21 we obtain 
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Lemma 4.1. The b ^-valued functions Bi and M can he expressed in terms 
of the dependent variables Wq, W2n-i and ipi {i = 0, . . . ,2n — 1) as 



1 -, 

n — 1 



'1 = 5Z o'^^i - 



Uo - Ui = } ^ -(P2j - WoW2n-l " 



J=l 

i ^ n— 1 ^ 

El X ^ 1 n 

i=l j=i 

i -I n-1 ^ ^ 

El 1 n — 1 
-^2j-l + -^2j - WoW2n-l 2~^^' 

j=l j=i+l 

U2n-1 -Uo = WoW2n-l, Xq = -W2n-1, X2n-1 = Wq, 

for i = 1, . . . ,n — 1 and 

y^O,l = -'2W2n-l, ^2n-2,l = 2Wo, 
2n-2 

^2n-l,l = -"^^1 + '2WoW2n-l + (2n - l)ti. 
i=l 

Furthermore, we have a relation 

(2n-2 ^ 
V^o - ^ W2n-l^i + 2WoW2„_l + (2n - l)tiW2n~l > " W2n-1^2n-l 

= {2n - l)pi + Ko - K2n-1- 

(4.2) 

Thanks to Lemma 14.11 we can express the system (14. ip as a system of 
ordinary differential equations in terms of the variables WQ,W2n-i and yjj 
(i = 0, ...,2n- 1). 

The Kostant-Kirillov structure for the operator M is defined by 

{v^i, (pi+i] = -2{2n - 1) (z = 1, . . . , 2n - 3), 

{V2n-2, V^2n-l,l} = -2(2n - 1), {v22n-2,l, V'o} = -2(2^ - 1), 

{V92„-1, V5o,i} = -2(2n - 1), {v92n-i,i, V^i} = -2(2n - 1), 

{V52n-2, V52n-l} = -(2^ - l)v52n-2,l, {V52n-1, V^o} = "(2?^ - l)v52n-l,l, 

{Vq^Vi} = -(2^ - l)v5o,i- 
It is equivalent to 

{/Xi,Aj} = (2n-l)5ij (ii,j = l,...,n + l), 
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via a transformation of dependent variables 

Ai = W2n-1, = ^2n-l, 

i-1 ^ 

Aj = — -^2n~2j + U]oyJ2n-l, i^i = ^2n-2i+l, 



2n-2 

Xn+1 = Wo, fln+l = V'O - ^ W2n-lfi + 2Wowl^_^ + (2n - l)tiW2n-l, 



i=l 

for i = 2, . . . ,n. Then those variables satisfy a Hamiltonian system; we do 
not give its explicit formula. 

On the other hand, the equation fl4.2p implies 

n+l n ^ 

A dXi = dfii A dXi + d A dXn+i, 

n 

= d^ A (i(A„+iAi) + dfii A rfAj. 

At) ■^"^ 

Therefore we can take 



1^ = \h; 7A„+iAi, pi - 



v/2(2r^A„+i 



Qi = \l Aj, Pi = — , = (z = 2, . . . , n), 

A/2n-l ^2{2n - 1) ^ ^ 



(4.3) 



as canonical coordinates of a 2n-dimensional system with a Poisson structure 

{Pi,qj} = 6ij = l,...,n). 

Denote the parameters by 

1 - Ko + Ki Kq- K2n-1 

"0 = Pi + z — , ai = -pi — , 

2n — 1 2n — 1 

{l^\oi2n-i+l) I- o o IN 

ai = — — z = 2,...,2n-l 

In — \ 

where 

2n-l 



« = ^{2n-\,\) - ^ 



i=0 



Via a transformation of the independent variable t = \/^\^ti, we arrive to 
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Theorem 4.2. The variables qi,Pi {i = 1, . . . ,n) defined by (14. 3p satisfy the 
Painleve system P(y42„). Then the variable \n+i satisfies 

logA„+i = 2^p,-— — -t. 



dt ^ 



4.3 Lax form 



In this subsection, we derive a Lax form for the Painleve system P{A2n) in 
a framework oi s{2n[z, z~^]. 



Under the specialization h = y 2n^^^ ^2 = 1 and tfc = (A; > 3), the Lax 
form (12.61) is described as 

d"^ d"^ , , 

— = B^, z— = M^. 4.4 

dt ' dz ^ ^ 



The matrix B is given by 

2n 

'771 I ™/ 77" 

,2n 



2n-2 



where 



^ j=l ^ 

* 1 

/ n — 1 , 



^2n-i ~ y — ]^ "^0 



for i = 1, . . . , n — 1. The matrix M is given by 

2n-l 

^ = ^ (/^j — l^i-l)Ei^i + (Kq — /«2n-l)-E2n,2n + V^2n-l-E'2n-l,2n 



2n-2 



+ V'0^-E'2n,l + ^ V^i2:-Ej,i+i + V92n-2,l2:-E2„_2,2n + '^2n-l,lZE2 
1=1 
2n-3 

+ V70,l2:'^2n,2 + XI 22:'^i,i+2 + 2z^E2n^2,l + 2z^E2n-l,2, 



i=l 
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where 

2n — \ f " 

V92„-i = \/2{2n - l)A„+iPi, ifQ = — qiPj - gig„ - tqi - ai 

(n ^ 

^2{2n - 
¥^0,1 = 7 • 

for i = 1, . . . , n — 1. 

Proposition 4.3. T/ie compatibility condition of the Lax form {\4A\) gives 
the Painleve system P{A2n)- 

5 For the partition (2n, 1) 

The Painleve system P{A2n+i) is a Hamiltonian system of 2n-th order with 
a coupled Painleve V Hamiltonian 



n 

tH = J2Hy 



i=l 

where 



n+l 



«2j, ^a2j-i, ^a2i-i; qi,Pi 



l<i<j<n 



ifv[«, c; q,p] = q{q - l)p{p + t) + atq + bp - cqp. 

It is known that P{A2n+i) is derived from the hierarchy for the partition 
(2n + 2). In this section, we discuss its derivation from the hierarchy for a 
partition (2n, 1), from which we obtain a new Lax pair for P{A2n+i)- 

5.1 Similarity reduction of the DS hierarchy 

Let 

2n—k 2n 

Afc+2n(«-l) = ^i,k-l+2n(l-l) + Gi,k+2nil-l) , 

i=l i=2n—k+l 
2n—k 2n 

^k+2n{l-\) = fi,k-l+2n{l-l) + fi,k+2n{l-l)i 

i=l j=2n— fc+1 
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for k = l,...,2n and / G N. Then the Heisenberg subalgebra S(2n,i) of 
Q = 0(^2^^) is expressed as 

5(2n,l) = CAfe © Cir © CAfc. 

keN ken 
The grading operator 'i9(2„,i) is given by 

2n 



if 2 \ 

79(2„,i) = 2nrf + V - I 2n + 1 - 2 - — — 

n \ 2n + 1 / 

1=1 ^ ' 



ay. 



It imphes a Z-gradation of type (1, . . . , 1, 0), namely 

(^?(2n,l)|ay) = 1 (i = 0, . . . ,2n - 1), (t?(2n,l)|a2n) = 0. 

Note that 

The similarity reduction fl2.5l) associated with S(2„,i) is described as 

[^9(2„,i)-M,ai-5i]=0, (5.1: 

where 

2n 



-Bi = ^ UiOil + xqCo + X2„e2„ + Ai, 

2n 2n 

M = ^ Ki^y + ^ V^iCj + V5o,ieo,l + V^2n-l,ie2n-l,l + V^2n,ie2n,l + 2A2. 



2=0 j=0 

Note that 

2n-l 2n-2 



Ai = ^ Ci + e2„,i, A2 = ^ ei,i + e2n-i,2 + e2„,2- 



i=l i=l 



5.2 Hamiltonian system 

The operators B\ and M are defined as the b+-components of exp(adW^)(Ai) 
and exp(adiy)(p + tiAi + 2A2), respectively. The f)-valued operator p is given 
by 



2n 

V 
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where pi is independent of ti. The n_-valued function W is described as 

2n+l oo 2n+l 



1=0 k=l 1=0 



In a similar manner given in Section I3.2[ we obtain 

Lemma 5.1. The b+ -valued functions Bi and M can he expressed in terms 
of the dependent variables WQ,ipQ, (fi {i = 2, . . . ,2n — 1) and W2n, f2n o-s 

n-l j ^ n-l ^ ^ 

j=l k=l ^ j=l 

11 " I 1 1 

n+l Pl + K2j-1 — l^2j 1 1 

+ ^ti-J2 j:-2^^^--2^^r.,u 

n-l j ^ n-l ^ ^ 

«2i-l - = - ^ ^ -j^'^2j+lV2k + ^ —U!oW2n^P2j + —W2n^2n 
j=l k=l j=l ^ ^ 

n — 1 ^ pi + K2j-1 — K2j 



4 ^ nti 

«— 1 ^ rt— 1 ^ 

- WoW2„ + -ip2j + ^^2j+l, 

j=l j=i 
n-l j ^ n-l ^ ^ 

U2i - U2i+1 = X] X] 2nr'^'^^^^'^^^ " ^ —WoW2n<^2j " —W2n<^2n 
j=l k=l ^ j=l 

n+l pi + /t2j-i — i^2j 



i ^ n— 1 

j=l j=i 
n-l j ^ n-l ^ ^ 

M2n-1 - ^*2n = - ^ ^ -j^^2j+1^2k + ^ —WQW2n^2j + —W2n^2n 
j=l k=l j=l ^ ^ 

1 " I 1 

- ^^^1 + IT '^o'^^" + 2^ 9'^2i, 



U2n -Uo = WoW2n, 

for i = 1, . . . ,n — 1, 



nil 

i=i j=i 



Xo = -W2n, X2n = Wq, 
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and 

n-l 

i=i 

n— 1 

^0,1 = -'2W2n, ^2n-l,l = ^Wq, ip2n,l = " ^ V^2i + nti- 

Furthermore, we have a relation 

Wo{lPo + ntiW2n) - W2n i^2n + ^ W2nV2i^ = 2npi + - K2n- (5.2) 

Thanks to Lemma I5.H we can express the system (15. ip as a system 
of ordinary differential equations in terms of the variables WQ,ipo, (pi {i = 
2, . . . , 2n - 1) and W2n, V2n- 

The Kostant-Kirillov structure for the operator M is defined by 

{V9i,v5i+i} = -4n (i = 1, . . . ,2n - 2), {v52n.-i, </'2ri,i} = -4n, 

{V52n-l,l, V^o} = -4ri, {V?2n, V^O,l} = "^W, {v22n,l, V^l} = "4^, 
{V52n-l,V52n} = -2nV92n-l,l, {V52n, V^o} = -2nV32n,l5 {V^O, V^l} = -2nV2o,l- 

It is equivalent to 

{/ij, Aj} = 2n8ij = 1,. . . ,n + 1), 

via a transformation of dependent variables 

' 1 
><i = ^'^2j, Hi = -ip2t+i (i = l,...,n- 1), 

i=i 

n-l 

An = V52n + ^ W^0V52i, Atn = -W2n, 
i=l 

Xn+1 = Wo, = ^0 + ntiW2n- 

Then those variables satisfy a Hamiltonian system; we do not give its explicit 
formula. 

On the other hand, the equation (15. 2p implies 

71+1 n ^ 

dfii A dXi = dfii A dXi — d A (iA„+i, 

A„+i 

1=1 1=1 

n—l ^ 

= y2dfiiA dXi + rf(A„+iyU„) A d—^. 
i=i -^"+1 
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Therefore we can take 

qi = —, Pi = ^r- = 1, . . . ,n - 1), 

?n ~r ; Pn 7^ ' 

ntiAn+1 ^ 

as canonical coordinates of a 2n-dimensional system with a Poisson structure 

Denote the parameters by 

2^^ (^ = 0,...,2n-l), 

KO - /t2„ 1 - Ko + 

a2n = -Pi ^ — , a2n+i = Pi H , 

where 



2n 
i=0 

n+2 



Via a transformation of the independent variable t = —jif, we arrive to 

Theorem 5.2. The variables qi,Pi {i = 1, . . . ,n) defined by fl5.3p satisfy the 
Painleve system P(y42„+i). Then the variable Xn+i satisfies 

J " 111" 

^di " - Z^^iPi ~ ^^'^ + — - 4 Z^("2i - a2j+i)- 

i=l j=0 

5.3 Lax form 

In this subsection, we derive a Lax form for the Painleve system P[A2n+i) 
in a framework of 5l2n+i[z, z^^]- 

Under the specialization ti = :^7=|, ^2 = 1 and t^ = {k > 3), the Lax 
form (12.61) is described as 

t— = B^, z— = M*. 5.4 

dt ' dz ^ ^ 

The matrix B is given by 

2n+l 

-Bl = X ""'i-^i.i + a;2„-E2ri,2n+l 
i=l 

2n-l ^ ^ 
+ XQZE2n+l,l + / ^ / , zEi^i^i H , zE2n,l, 

, \/—nt \/—nt 
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where 



Ml 



/ 

Ur, 



"^21+2 



n 1 1 " 

- Yl "liPi ~ ~ 1 Zl("2j - a2i+i), 

3=1 j=0 

n 1 1 " 

i=i i=o 

n + 1 1 " 

- " ~ + ^^T*^ ~ 4 5]l^"2i - a2i+i^ 

j=l j=0 

n 1 1 

J2iQ3 - + tQ^ - -l^t + 4 Xl("2i - a2i+l), 

i=i i=o 



1 

for i = 1 , . . . , n — 1 and 



a^2n — . -, — TTT Pti 

V-nt 2A„+i 



The matrix M is given by 



2n 



^ = ^^(^j ~ l^i-l)Ei^i + (Kq — /t2n)-£'2n+l,2n+l + V^2n-£'2n,2n+l 
2n-l 

+ '^iZEi^ij^i + V'2n-l,l2;-E2n-l,2n+l + V'2n,l2;-E2n,l 

2n-2 

+ V5o,1^^^2n+l,2 + ^ 



where 



A 



n+1 



2n 

^2 = , j Qi, ^2i-i = -2y/-ntpi_i {i = 2,...,n), 

y-nt 

^2i = ^=={qi - qi-i) = 2,...,n- 1), i^2n = ^==[qn- qn-i), 

\/—nt y—nt 
o\ 2n 2v/^ 

¥'2n-l,l = 2A„+i, 'P2n,l = ^^Wn-l-lj, V^0,1 = " ^ Pn- 

\/-nt \n+l 

Proposition 5.3. The compatibility condition of the Lax form (15.41) gives 
the Painleve system P{A2n+i)- 
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6 For the partition (n, n, 1) 



In Section ini we have derived the Painleve system P{A2nJ^i) from the hierar- 
chy for the partition (n + 1, n + 1). In this section, we discuss its derivation 
from the hierarchy for a partition [n,n,l), from which we obtain another 
Lax pair for P^Al^+i)- 

6.1 Similarity reduction of the DS hierarchy 

Let 

n—k n 

^2fc-l+2n{i-l) = X^ e2i-l,2fc-l+(2n+l)(/-l) + ^2i-l,2k+{2n+l){l-l) , 

i=l i=n—k+l 
n—k n 

A.2fc+2n{«-l) = X^ e2i,2A:-l+(2n+l)(/-l) + G2i,2k+{2n+l){l-l)^ 
i=l i=n—k+l 
n—k n 

A2fc-l+2n(i-l) = X^ /2j-l,2fe-l+{2n+l){«-l) + /2i-l,2fc+(2n+l)(Z-l) , 

i=l i=n—k+l 
n—k n 

A2fc+2n{«-l) = X^ /2j,2fc-l+{2n+l)(«-l) + /2«,2fc+{2n+l)(«-l) , 

i=l i=n—k+l 

for k = l,...,n and / G N. Then the Heisenberg subalgebra 5(n,n,i) of 
g = g{A^2n) is expressed as 

Hn,n,l) = CAfc © © CAfc. 

fcSN keN 

The grading operator 'i9{n,n,i) is given by 

^(n,n,l) = '^C? + - 2 + 1) N - j «Ll + ' {^^^ ~ M "2*- 

i=l ^ ^ i=l ^ ' 

It implies a Z-gradation of type (0,1,0,...,1,0), namely 

(^(n,n,,l)|ao) = 0' (^(n,n,l)|a2i-l) = 1> (^^(n,",!) I"2i) = (z=l,...,n). 

Note that 

[^{n,n,l),^2k-l] = kA2k-l, ['d(n,n,l), Mk] = kA2k {k G N). 

The similarity reduction (12.51) associated with S(„^„_i) is described as 

[^9(„,„,i)-M,ai-Ei] = 0, (6.1) 
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where 

2n 2n 



5l = ^ MjO^^ + ^ XjCi + X2„_l,ie2„_l,l + X2n,ie2„,l + Ai 
i=0 1=0 
2n 2n 

iW' = ^ /^ittj^ + ^ V^iCi + (y9o,ieo,l + V52n-l,ie2n-l,l + V52n,ie2n,l + i^lAi + A2. 
i=0 i=0 

Note that 

n— 1 ?i— 1 

Ai = ^ e2i-i,i + e2„-i,2, A2 = ^ e2i,i + e2„,2. 

i=l 1=1 

6.2 Hamiltonian system 

The operators Bi and M are defined as the b+-components of exp(adiy)(Ai) 
and exp(adVr)(p+2)f:iAi+2A2), respectively. The ()-valued operator p is given 
by 

n n 

P = PlXl^^("2i-l + "2i) +P2Xl2(^-« + l)("2i-2 + «2i-l), 
i=l i=l 

where pi,p2 are independent of ti. The n_ -valued function W is described 
as 

271+1 00 2n+l 

^ = - ^ Wifi - XlXl '^hkkk- 
i=0 k=l j=0 

In a similar manner given in Section 13.21 we obtain 

Lemma 6.1. The h+ -valued functions Bi and M can he expressed in terms 
of the dependent variables Wq, (po, W2i-i, ^n-\ = 1, . . . , ri) and W2n, o,s 

U2i-2 - ^^2i-l = ~Y1 ]n _ I 'W2i-lV2j-l - ^^—^^21-1752^-1 
j=l 1 j=i 1 

+ -:WQW2i-\W2n + — (Pl + «:2i-2 " «;2i-l), 

— I t\ 



7 = 1 1 7=i+l ^ 



-W2i-l(p2j-l 

j = l i j=i+l 
j.n—i 

-WoW2i-lW2n, 



t^-l 

U2n -U0= ^Wo{(po - WiW2n), 
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fori = l,...,n, 



^0 = 7-(V50 - WiW2n), 

ti 



E l \ ^ 1 1 

j=i 1 j=i+i 1 1 

.A 1 

X2i = -W2i-1, X2n-1 = ^ ^„ _ ^ V^2j-1 - „ _ ^ ^'0^'2n, 



3^2n = WoW2n-l, X2n-\,\ = -Wq, X2n,l = -W2n-1, 

for i = 1, . . . , n — 1 and 

(P2i = -tlW2i-l + W2i+1 (i = 1, . . . ,n - 1), (P2n,l = -tlW2n~l + Wi. 

Furthermore, we have a relation 



W2i-l(p2i-l + Wo{ipo - WiW2n) = " ^(Pl + /^2i-2 " 'i2i-l), 

i=l i=l 
n n 

^ W2j-l<y52i-l + U]2n{^2n " tiWoW2n-l) = - ^iP2 " H2i-1 + «2i)- 



i=l j=l 

Thanks to Lemma 16.11 we can express the system (16. ip as a system of 
ordinary differential equations in terms of the variables wo,ipo, W2i-i,f2i-i 
(i = 1, . . . , n) and W2n, ^in- Note that 



for z = 1, . . . , n. 

The Kostant-Kirillov structure for the operator M is defined by 
W2i-i,<^2i} = -nti, {ip2i,V2i+i} = -n (i = 1, . . . ,n - 1), 

{(P2n-1, ^2n,l} = -nti, {ip2n,l, Vl} = 
{(P2n-l,l, Vo} = -ntl, {(P2n, VO,l} = 

{V'O, Vl} = -n^Po^l, {f2n-l, 'P2n} = -«V'2n-l,l, {<-P2n, <fo} = -nip2n,l- 

It is equivalent to 

{/ii, Xj} = nSij {ij = l,...,n + 2), 
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via a transformation of dependent variables 

Xi=W2i-l, IJi = (p2i-l (z = !,...,«), 

A„+i = Wo, = -(fo + WiW2n, 

An+2 = W2„, /i„+2 = -f2n + tlWoW2n-l- 

Then those variables satisfy a Hamiltonian system; we do not give its explicit 
formula. 

On the other hand, the equation fl6.2p implies 

n+2 n n A ' " A ■ ■ 

U U U tr ^-+2 

_ ■^^^A^n+l/^j ^ ^A„+2Aj 
~^ Xn+2 i^n+l 

Therefore we can take 

An+2 , t\ ^l^n+l /-I \ (a'3\ 

qi = —l Ai, pi = — Hi [1 = 1, ...,n), (6.3) 

as canonical coordinates of a 2n-dimensional system with a Poisson structure 

{Pi,(lj] = = l,•••,^)• 

Denote the parameters by 

ttj = = 0, . . . ,2ra - 1), a2n = Pi-P2H , 

n n 

11 " I 
a2n+i = -Pi + P2 H , V=}, > 

where 

2n 



i=0 



Via a transformation of the independent variable t = t^^ we arrive to 
Theorem 6.2. The variables qi,Pi {i = 1, . . . ,n) defined by (16. 3p satisfy the 
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Painleve system P{Al^_^_{). Then the variables Hn+i, satisfy 

I 1 \ 1 r/ 1 \ 1 t — n — \ 

t[t - 1)— log/i„+i = - 2^gi{(gi - IjPi + oi2i-x] - oi2nt n 

n + 1 - 2 j + 1 , , I , . 

+ ^ + Mt - 1), 

^(^ - 1) ;iT log = - ^Y^t{qi - \)^^ - tT]. 



2=1 



6.3 Lax form 

In this subsection, we derive a Lax form for the Painleve system P(A2„_,_i) 
in a framework of sl2n+i[z, z^^]. 

Under the speciahzation ti = t"", t2 = 1 and tk = {k > 3), the Lax 
form (12 .op is described as 

t(t-l)— = B^, z— = M^. 6.4 

^ ' dt ' dz ^ ' 

The matrix i? is given by 

2n+l n n 

= ^ '"i-E'i.i + a;oi?2n+l,l + ^ a;2i-S2j,2i+l + a^2n,l-^2n,l + ^ a;2i-l2;-E'2i-l,2i 
1=1 i=l 1=1 

+ a;2n-l,1^^2n-l,2n+l " 2^ —^zE2i-l,2i " — Yy;^Z^2n-l,l , 



where 



2j-l 



i=l 



fi-l n '\ l_l 

I i=i j=i J 

i—l . ^ n— 1 . ^ I 

^^«2j-l + «2, - -) - ^V^^"2,-l + «2, - -) !> (t - 1), 



«2i 



W2n+1 = -(^ - 1) I XI ^J^i + ^ 
W = l 
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for i = 1, . . . ,n and 

, _ (t — l)/in+l / _ (t — /■ _ 1 _ i\ 



^2n ~ \ In \ y<ljPj + V ] ) ^2n,l ~ \ ^ni 

^2i-l ~ 



/ 

X 



t - 1 

2n-l,l — y^i/n 



. i=i i=«+i 



n 



The matrix M is given by 



2n 



^ = Xl'^j ~ t^i-l)Ei^i + (Kq — /t2n)-E^2n+l,2n+l + </'0-E'2n+l,l + ^ V^2i-E^2i,2j+1 
i=l i=l 
n 

+ V2n,lE2n,l + V^2i-l^-E'2i-l,2j + V^0,l^-E'2n+1,2 + V'2n-l,l2;-E2n-l,2n+l 

n—1 n—1 

,2i+2 

i=l i=l 

where 

v^o = /in+i(gi - 1), V52i = - gi+i) = i, . . . ,n - i), 

I ' ^n+2 

V52n = TT^ 1 ^ 5Z ^J'^J' + ^ I + "2nt 



n+2 



V52n,i = T [Qi-tqn), '^2i-i = Pi (« = l,...,n), 

¥^0,1 = A„+2, ¥'2n-l,l = -TIX^^ XI ^J'^J + 

Proposition 6.3. The compatibility condition of the Lax form (16.41) gives 
the Painleve system P{Al^_^^{). 
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